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Primal and Mixed Variational Principles
for Dynamics of Spatial Beams

B. M. Quadrelli* and S. N. Atluri’
Georgia Institute of Technology, Atlanta, Georgia 30332-0356

A general formulation is presented for static and dynamic analysis of spatial elastic beams capable of undergoing
finite rotations and small strains. The tangent maps associated to the finite rotation vector are used to compute
the tangent iteration matrices used to integrate implicitly the equations of meotion in descriptor form. A total
Lagrangian primal corotational method and an updated Lagrangian mixed variational method are proposed to
compute the tangent stiffness matrix. The tangent inertia matrices, including the gyroscopic and centrifugal terms,
are also obtained by using the tangent maps of rotation. The numerical examples analyzed in this paper include
static (pre- and postbuckling) and dynamic analysis of flexible beams structures. The new finite elements show a
very good performance, in terms of fewer number of elements used and accuracy during the simulation, both for

static and dynamic problems.

Nomenclature

A;, a; = covariant base vectors at an arbitrary point of
&, and those at an arbitrary point of S,

A, = mass density

ay =s56/6

a, =(1 —c8)/0?

a = (1/6%)(1 — ay)

C,,Cy = undeformed and deformed configuration

C = skew-symmetric coupling term in the inertia
matrix

& :(1/92)(00 —2ay) .

dt, dy3 = time differential and differential element of
curve along the beam length

d(),8(), A() = differential, virtual variation, and finite, but
small, increment of a generalized coordinate

d, = (1/6%)(a; — 3az)

E; e = orthogonal basis (before and after rotation)

Fi; Fy, Eq = variational functionals for elastodynamics of
beams

F = deformation gradient tensor

Fo = column vector the entries of which are the
component base vectors of a right-handed
triad

80,8, 8 = undeformed, deformed, and intermediate
mefric

H = angular momentum

h = vector of stretches

1, = inertia tensor

Jo = first moment of inertia

Jup = second moment of inertia

Kk kL = initial and final curvature vectors

L = Lagrangian density

2 = linear momentum

M = internal stress moment resultant

q = vector of generalized coordinates

R = rotation tensor

S = second Piola—Kirchoff stress tensor,
SHA, ® A

S,, Sy = undeformed and deformed cross section
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Ss0(Su0) = portion of the spatial boundary where
tractions (displacements) are prescribed
= internal stress resultants

t = first Piola—Kirchoff stress tensor, t¥A, ® a;

U(v) = right (left) stretch tensor

Vo, 0V = volume and boundary of undeformed
material element, defined by S,y U S,9, With
Seo NSy =9

W,(W,) = strain energy (complementary strain energy)
density per unit undeformed volume

Y« = curvilinear coordinates lying on the cross
section

8ij = Kronecker tensor

Eijk = Levi~Civita or permutation tensor

o = material density in C,

x = stress parameters

= angular velocity vector

= differential, variation, and finite increment of
a quasicoordinate

= covariant derivative with respect to Y* in C,
(using the g, metric)

1 = identity matrix

X = cross (or vector) product

= inner or dot or scalar product

= tensor product operator

= double contraction of two second-order
tensors fi.e., A : B = A;; BV = trace(A - B")]

= gradient operator along the vectors g’
associated with the curvilinear coordinates

£',87(3/3E"
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1. Introduction

HIS paper deals with the modeling of the spatial static and

dynamic behavior of homogeneous, isotropic, and linear elas-
tic one-dimensional deformable bodies (beams or rods) undergoing
arbitrarily large rotations and translations and small strains. The ap-
plications intended for this study are in multibody dynamics. There-
fore, the spatial beam may be connected to other beams by means of
holonomic constraints to form a multifiexible body mechanical sys-
tem. In this paper, we will only deal with geometrical nonlinearities
of flexible structural members that can be represented as beams. A
sequel to this paper will study the multibody aspect of this problem.
The first influential work on geometrically nonlinear static and dy-
namic analysis of three-dimensional finite strain beams, including
arbitrarily large rotations, was that of Simo and Vu-Quoc.! A con-
sistent variational approach for multiflexible body dynamics with
beams was first presented by Cardona and Geradin.? In their work,
they used the principle of virtual work and methods of nonlinear
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structural dynamics to devise an incremental/iterative procedure to
integrate the tangent equations of motion of a nonlinear beam. The
first functional for finitely deformed beams, obtained in a consis-
tent fashion from a general three-field mixed variational principle,
was proposed by Tura and Atluri.>* An exhaustive description of
the topic of finite rotations is given in Argyris® and Pietraszkiewicz
and Badur,® for applications in continuum mechanics as well as in
plates and shells in Atluri,” for displacement-based variational for-
mulations of nonlinear elastic beams in Cardona and Geradin,? for
mixed variational principles of nonlinear elastic beams in Iura and
Atluri,*# in a unified manner in Atluri and Cazzani,® and for rigid-
body dynamics in Borri et al.’ Therefore, this paper is organized as
follows. First, we overview the basic kinematics and kinetics of the
problem. Second, we describe primal and dual variational function-
als valid for nonlinear elastodynamics of three-dimensional con-
tinua, and then we specialize them to the case of a space beam. For
additional details of the derivation, we refer the reader to Quadrelli.'”
Third, we derive the inertia, gyroscopic, and centrifugal matrices
obtained from the inertia forces. Fourth, we derive the elastic tan-
gent stiffness matrix and residual vector for a space beam with two
different approaches: a primal, total Lagrangian (TL), corotational
approach and a mixed, updated Lagrangian (UL) approach. Finally,
we present some numerical results and the conclusions of this paper.
In this paper, italic symbols and Greek letters denote scalar quan-
tities, lowercase boldfaced letters denote vectors, capital boldfaced
letters denote tensors, and boldfaced Greek letters usually denote
vectors and sometimes tensors.

II. Basic Kinematics and Kinetics of a Beam Element

Consider a deformable one-dimensional continuum that is capa-
ble of undergoing large displacements and arbitrarily large rotations.
To a material element in the undeformed configuration C,, we as-
sign the triad of basis vectors denoted by E;. To the same material
element, but in the deformed configuration C,, we assign the triad
of basis vectors e;, which denotes E; after a purely rigid-body ro-
tation. The convected coordinates Y', with i = 1,2, 3, denote a
curvilinear system associated to a point centered in the material el-
ement. The displacement vector u describes the total displacement
of the material element, the position of which, in C,, is denoted
by X. The rotation tensor R describes the rigid-body rotation of the
material element and can be parameterized as a function of the finite
rotation vector o« = fe, where e is the unit vector fixed in space,
and around which the finite rotation @ takes place. We have’ the
Euler—Rodrigues formula for the rotation tensor R and the associated
tensor I':

R(a) =1+ ay(a x 1) +a[a x (a x 1)]

)
Ta)=1+a{a x 1)+ ala x (ax1)]

For extended derivations of the kinematics of rotation, in rigid-body
dynamics and in continuum mechanics, we refer the reader to Atluri
and Cazzani.® In this work, we have decided to use x in a consistent
effort to extend to multiflexible body dynamics the work done by

Before the
deformation

Borri et al.? in the context of multirigid-body dynamics. Following
the assumptions of traditional (nonpolar) rod theory, we may postu-
fate that the configuration of the beam is completely known when the
inertial position of one point P of the cross section S and the orien-
tation of the cross section itself with respect to a reference triad are
known. A virtual variation of rotation can be expressed as @5 x 1 =
SR - R”. Similarly, the angular velocity vector w can be written as
wx1 = R-RT and similarly for the curvature vector I3, which may be
representedasl; x1 = R 5-RT .InBorrietal.,” itis shown that the fol-
lowing representation holds for the angular velocity: w = I'(a)cx.
If ¢p; = I'(x)dx represents the variation of rotation, then, for any
arbitrary vector field b, the associated tangent rotational maps may
be derived in a straightforward manner.” The explicit expression for
the tangent map associated with I'7, namely L7 (c, b), is

STT . b={—ai(bx 1) +a(axbh) x1+ax®x1]
+ebxl) - (a®@a)—d[{axb) x1] (a® o)} S
= Lrr(a, b) - Sx )

In the incremental formulation, the operator A may describe a ma-
terial increment, a virtnal variation, a total derivative (for example,
a time derivative), or a covariant derivative [for example, the () 5
derivative].

A. Basic Kinematics

Next, we refer to Fig. 1. We assume that the beam cross sec-
tion does not deform in its own plane or that the stress components
in the plane of the cross section are zero. This implies that arbi-
trarily large strains are precluded, and we confine ourselves to the
case of small strains and no warping, so that only shear deforma-
tion is allowed. For a material element of the beam, and following
Tura and Atluri, we may write that the global displacement vector
isv=u+Y" (e, — E,) and that the total global position vector
of a reference point of the cross section is x = X +v. The com-
ponents of the stretch vector are b/ = (R;;/g)(8%4 + u'y) — &4, the
components of the curvature vector are k' = %a,— ik Rimj3 R We also
have that E; ; =K x E; and e; 3 = k x e;. Some manipulation with
these equations leads to 8¢ 3 = 813 + I3 x 8¢, which expresses the
noncommutativity of the 5(-) and the (-) ;3 operators when quasi-
coordinates are involved. More details on the kinematics may be
found in Quadrelli.!?

B. Basic Kinetics

We describe the inertial properties of the motion with a Lagran-
gian approach. This means that, contrary to rigid-body dynamics,
in which the rotational motion is referred to the body triad, we refer
the rotational motion to a fixed triad in space. In this approach,
a material element labeled with the generalized coordinate vector
g = (u, a)7 is endowed with a Lagrangian density the structure of
which we assume to be of the form £ = T(t,q, §) —fi(v, R, U, 1),
where 7is the kinetic energy density and f, is the mixed functional
density described later in more detail. As required by the principle of
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Fig.1 Kinematics of beam deformation.
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frame indifference, W, can be a function of the deformation gradient
F only through the right stretch tensor U [i.e., W, = W, (FT - F)].
An explicit expression for W, may be found in Tura and Atluri.* In
our derivation, we make the assumption that the material is linearly
elastic and that the system is scleronomic; i.e., the kinetic energy
density is independent of time. Then, our derivation is based on the
functional

E, :/ { T(q.q)dV — Fi(»,R, U,t)}dt €)
[#.5 4+ 1] Vo

1. Four-Field Principle

A four-field mixed principle valid for a general elastic material,
involving v, R, U, and ¢ as independent variables, may be stated as
the stationarity condition of this functional:

Fiv,R,U,p

= [ [W, (@) +¢" : [d+gradv) =R - U] — pob - v} dV
Vo

—f f-vdA— | N-t-(v—9)daA @)
Sor Suo

where b = f,f denotes applied body forces per unit mass; £
is the prescribed tractions on S, and ¥ is the prescribed dis-
placements on S,o. In F), v must be C® continuous, R orthogo-
nal, U symmetric, and ¢ unsymmetric, to be admissible trial fields.
When the condition § F; =0 is enforced for arbitrary and indepen-
dent variations such as C” continuous éu, SR under the constraint
SR-RT = (8R-RT),, symmetric §U, and unsymmetric 8¢, the fol-
lowing Euler-Lagrange equations (ELE) are obtained: constitutive
law (CL), dW,/8U = L(t-R + R -{7) = (¢-R),; compatibility
condition (CC), (I + gradv) = R-U; angular momentum bal-
ance (AMB), (" - U -RZ) = 0; linear momentum balance (LMB),
Vo - t+poh = 0;together with the natural boundary conditions, trac-
tion boundary condition (TBC), N - t = £ on S,, and displacement
boundary condition (DBC), v = ¥ on 5.

2. Three-Field Principle

It is possible to derive a complementary variational principle in-
volving v, R, and ¢ alone. This can be done if U is eliminated from
Fy by applying the following contact (Legendre) transformation:

W,(U) + W,(r) = 3¢-R+R" -£): U )

where r = 1(-R + R” -£7) is the symmetrized Biot-Lur’e stress
tensor or Jaumann stress tensor, and W, is the called complementary
energy density. Physically, the Jaumann stress is the stress tensor
associated with the force vector acting on the stretched, but not yet
rotated, differential element of area, and measured per unit of unde-
formed area. Making use of this contact transformation is equivalent
to adopting the hypothesis that CL, dW,/dr = U is a priori met.
When the equation for this contact transformation is substituted into
the expression of functional F, the following Hellinger—Reissner
type three-field functional is obtained:

F(v,R.t) = / {-W.[3¢-R+R"- 1))
Vo

+ " (I + gradv) — pob - v} dV

—/ t-vdA — N-t-(v—v)dA (6)
So0 Sup

To be admissible, the independent fields in functional F; have to sat-
isfy the following requirements: v must be C* continuous, R orthog-
onal, and ¢ unsymmetric. When the condition § F3 = 0 is imposed
for arbitrary and independent év, R, and ¢, subject only to the ad-
ditional constraint (R -8R ), = 0, the following ELE are recovered:
CC,R- (W, /or)y = (I + gradv); AMB, [R - (0W,/dr); - t], = 0;
LMB, Vy - t + pob = 0; together with the natural boundary condi-
tions TBC, N - t = fon S,¢, and DBC, v = ¥ on S,;9. A property of
the functional F3 (or of Fy before the contact transformation) is that

one of its ELE is the AMB for the first Piola—Kirchoff stress tensor.
This AMB is therefore embedded in the complementary energy den-
sity defined in terms of the Jaumann stresses. The Jaumann stress
is an objective stress measure, which is useful in finite deformation
elasticity.

3. F| Functional for a Beam
Considering now the stress, we can write that the internal virtual
work (IVW) can be expressed as

1VW=/t:3FTdV
v

The unit normal in C, is N = gyA® = E;. Defining the internal
stress resultants and moments as

T= /goA3 (S,- F")dA
and
M= fY“eo, x [goA” - (S1- F")]dA
respectively, the IVW can be written as
VW = /L[T <8°h+M - 8°k]aY? @)

where §°h = Su 3 — s x (X + u) 3 = R - 8h is the corotational vari-
ation of the stretch vector, and 8°k = ¢, 3 = 813 is the corotational
variation of the curvature vector. With the notation just used, we
may specialize the functional F; for the beam as*

Fi(u,R bk, T,M)

- /[Wx(h,lé) LT {(X £ u)a—R-(h+Ey))
Vv

M- {li—R-k) —q-uldL — 5[ - u) =4

y3=0

— [T @ —u)+M - (p— @)L )

Y3=0

where the terms involving the contributions of the distributed mo-
ment have been neglected (this is because distributed moments may
be shown to lead to a nonconservative load). After taking the vari-
ation, we obtain the following: CL, (dW,/dh) — T - R = 0 and
(0W,/0k) —M -R = 0;CC, X +u)3 —R-(h+E;) = 0and
L—R-k=0,LMB,T3+¢g =0,and AMB,M 3+ (X+u)3; x T =
0; and the boundary conditions § — T = 0 and M = 0 on S§° and
u—u=90and p —p =00nS".

4. F3 Functional for a Beam

In a completely equivalent way, from F3 we obtain its variation
8 F3, which leads to the same Euler-Lagrange equations as the F)
functional, but in which the strains and curvature measures are no
longer present. The contact transformation is allowed because the
constitutive equation is invertible. The contact transformation then
takes the following form:

W,+W,=T-R-h)+M-R-k) ©)
5. Kinetic Energy for a Beam

For a material element of the beam, the kinetic energy may be
written as

1 1
T:—/pv-vdv:—/(z-u+H-w)dY3 (10)
2 Jy 2 Jc

In terms of the finite rotation vector, we may write that £ =

A u+CTa and thath = Cit+T7 (@)I,T (o). For simplicity, in the

computations we assume the body frame to be a principal axis frame,
and hence we take J, to be zero. Using the definition of adjoint (or
transpose) of a vector space operator, we may justify the fact that if
the intrinsic wrench!'® (¢, H) is conjugate to the twist'® (i1,w), then
h =T7 . H is conjugate to ¢. In fact, in some inner product sense,
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denoted by {-), itis true that (H, w) = (H,T'- &) = (I‘T ‘H, o) =
(h, &). By taking the variation of the kinetic energy density of
Eq. (10), we also obtain

§T = /[e.a"v +H - 8°w]dY? an
L

where 8°v = dit—; x 1t is the corotational variation of the (absolute)
velocity and 8°w = 8w — s X w = w; is the corotational variation
of the angular velocity.” Finally, it can be shown that the external
virtual work (EVW) may also be written as

EVW:/[q~8u—|—m~Lp3]dY3 (12)
L

where now g and m denote the vector of external forces and external
moments distributed along the length of the beam, respectively. For
simplicity, distributed moments are not considered.

III. Tangent Inertia Matrices

By taking partial derivatives of the increment of kinetic energy
density in terms of the independent variables, described in g, we
may construct the left-hand side of the Lagrange equations. After
some extensive manipulation, and operating with the tangent maps
of rotation, we obtain the symmetric tangent inertia matrix

M—/ Abs 7 )dY3 (13)
B g T'IT

the tangent gyroscopic contribution

] /]
C:/( r )dY3 (14)
% 2Lpr (o, I,Ta) + 21 1,T

and the tangent centrifugal contribution

@
X - .
/ [y) 2Lpr (o, I,Té) + 2T I, Lr (e, a)]

& 1)
+ [ . T . ]dY3 (15)
% Lrr(o, I,Té&) + T 1,Lr(a, &)

The residual inertia vector becomes
g= /{M(a) g+ Ca, &) - g+ Ko, &, &) -q}dY3 (16)

Since we assume that deformations are of small magnitude, all
integrations are done over the initial length of the element. We
can now introduce a finite element interpolation scheme such as
q = N (Y¥)gqy, where C” linear (two-node) interpolation functions
N (Y?) are adopted both for the displacement vector and for the
finite rotation vector. After interpolation of the nodal variables, the
arrays defined earlier can be assembled in the usual way.

IV. Tangent Stiffness Matrix

We use two different approaches to compute the tangent stiffness
of the beam element. In the first case, we use a TL corotational
approach with a primal, pure displacement-based finite element, in
which the incremental variables are referred to the initial configu-
ration. In the second case, we develop a new element that, instead,
makes use of a UL point of view and is based on the mixed func-
tional F3 described earlier, and in which the incremental variables
are referred to the previously converged configuration.

A. Corotational Primal Element

The concept of a corotational frame seems to have been intro-
duced by Zaremba in 1903 (Ref. 11). In a general sense, the coro-
tational scheme is just a kinematic split of the deformation gradient
into some average rotation tensor E describing the rigid-body mo-
tion of the element as a whole and into a part that describes the
small deformation. The displacement vector can be additively de-
composed into a rigid part and a part caused by deformation. ‘=14
The finite rotation vector, instead, cannot be decomposed additively

because rotations do not commute. This clarifies the kinematic na-
ture of the corotational decomposition. The choice of E is dependent
on what kind of corotational frame one selects, the essential require-
ment being that E be a strictly orthogonal tensor. The method used to
compute the E matrix makes use of the tangent corotational frame,
in which the unit vectors sy and s, lie in the deformed cross sec-
tion of node P (i.e., are tangent to the deformed cross-section), and
the unit vector s3 completes the right-handed triad. The corotational
method is essentially a TL method to describe the kinematics; i.e.,
the computational observer is always located at the inertial frame.
Then, the computational scheme to compute the global tangent con-
sists of three steps. In step 1, the £ matrix is computed, and the
displacements and rotations associated to each node and caused by
deformation only are extracted from the global vectors. In step 2,
we compute the tangent stiffness matrix and the residual internal
force vector measured with respect to the corotated frame. We im-
plicitly assume that the displacement and rotation vectors caused
by deformation are zero at the reference node. Consistently, only a
partition of the internal force vector must be used. We have called
this procedure the corotational tangent procedure because we make
use of the rigidly rotated spatial basis rigidly attached to the cross
section of the reference node. A mapping that is similar but that
makes use of a projection operator was described in Crisfield'* and
Nour-Omid and Rankin.'® In step 3, the tangent operators are used
to map the local tangent to the global reference frame.

For a two-node element, the internal strain energy can be written
as W, = W,(d), where in symbolic form d = d(D) represents the
highly nonlinear mapping (because of the rotations) between the
local displacementsd = (u¢,, €) of one end of the beam with respect
to the other, measured by an observer with respect to a reference
point located in the corotational frame, and the global displacements

D = (uf, 6%, u;; 95). Defining the internal forces by o W, /dd, and

the local tangent matrix by 82 W, /dd,dd,,, we may obtain the global
vector of internal forces as (dd;/dD,)T (0W,/dd;) and the global
tangent as

T nil’
ke, = <8d > W, .<ad/,)+z':i[6d SWJ 0
oD ad,od, \ oD, oD, [ dD, ad

where nif is the number of internal forces. We compute the rela-
tive rotational deformation of node Q with respect to node P from
T°(6°) = (R”)™ - R? and the relative translational deformation of
node Q with respect to node P from u‘ = E” - (x¢ —x) — X,
and both are measured with respect to the triad at node P Then,
we need to compute the matrix of first partial derivatives od/aD
and the matrix of second partial derivatives. The computation of
these partial derivatives is quite involved, but straightforward, and
we refer the reader to Quadrelli.'’

Then, we consider a thin beam of constant solid cross section and
make use of a TL approach by referring the field variables to the
initial, undeformed configuration. We introduce the stiffness matrix
of the (straight) Timoshenko beam obtained from the variational
form of the principle of virtual work, i.e., from Fj, in which the
compatibility equations are assumed to be satisfied a priori. The

initial stress contribution to the potential energy of the beam can
also be written as

81/{] : 3142 3
V()ZF/ 37 + v dY- (18)

where u; represent the small displacement components in the local
frame. This stiffness matrix is valid for infinitesimal nodal displace-
ments and rotations and may be derived assuming linear shape func-
tions for the axial and torsional deformations, whereas the lateral
displacements and the nodal rotations are interpolated with Hermite
cubics. However, in our simulations, the shape functions for the
shear and rotational terms were modified to include the presence of a
shear-correction factor. Since the tangent stiffness is computed in its
explicit form, including the shear-corrected terms, no shear-locking
problem, typical of displacement-based formulations, arises. To the
elastic, shear-corrected, stiffness matrix, we add the contribution
to the rotational terms that comes from the initial stress term as a
result of the axial force. Other initial stress contributions, typically
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the moment resultants and the shear forces, were neglected. This
is because most of the nonlinear static response of a thin member
(beam) can be attributed to the axial load or bending-stretching cou-
pling. For relatively thin members with closed, solid cross section,
the bending-torsional coupling can also be neglected, and the con-
tribution of the shear forces and warping are negligible on account
of the moderate aspect ratio (thickness/depth < 5) of the beam. The
presence of the shear-correction terms is, in some cases, sufficient
to model thick beams. We propose to use this element for arbitrarily
large rotations of a spatial beam to be incorporated in a multibody
dynamics code. The internal force vector is computed using the
elastic stiffness and the vector of local deformations.

B. Tangent Stiffness Derived from F3

In the second approach, we adopt a more sophisticated method
and introduce a mixed variational principle proposed by Iura and
Atluri* for the analysis of three-dimensional curved beams with fi-
nite rotations and finite strains. In this derivation, we include all of
the initial stress resultants and moments in the initial stress matrix.
Therefore, we capture all of the couplings present in the LMB and
AMB equations. We propose to use the same four-field (displace-
ment vector, rotation tensor, material stretches and curvatures, and
stress resultant and moments) functional proposed there, namely
Fy, but implement the UL version of the incremental functional ob-
tained from F; after a contact transformation, also in incremental
form, is used. As shown earlier, this is the dual three-field func-
tional F;, where incremental stretches and curvatures have been
eliminated. A derivation based on the weak form of the field equa-
tions, using a complementary energy principle, was obtained by Shi
and Atluri.'” However, they considered an initially straight member,
they included no bending-stretching coupling, and their analysis is
limited to frames. We extend this analysis to relax all of these as-
sumptions, by allowing for an initially curved member, all LMB
and AMB coupling terms present, and arbitrarily large rotations.
Another advantage of mixed variational principles is that the shear-
locking problem is also avoided since mixed weak forms of the bal-
ance equations are equivalent to reduced numerical integration. The
TL increments of the four independent fields in F; can be written,
with reference to the initial configuration, as ¢"*! = ¢" + Agq,
T+l = 1" 4+ AT, and M"+' = M" + AM. In the UL approach,
the reference is the previously converged configuration CV. Conse-
quently, g" is zero, but T and M™ are not zero since CV is equili-
brated in the sense of a small residual norm. In addition, any stress
measure in C" coincides with the Cauchy stress tensor, and the de-
formation gradient in C¥ reduces to the identity matrix. Therefore,
initial stretches and curvatures are also zero. Whereas any tangent
stiffness matrix in the TL approach can be divided into materially
elastic tangent, initial stress tangent, and initial displacement tan-
gent, in the UL approach, the initial displacement contribution is
zero. This fact leads to a reduced number of operations in the UL
approach. The incremental form of the F functional in the UL form
is then

ar = [ (AW
C'l

+ AT - {Aus — Ah — AR - (X + Ah)}
—T"-{Ah+ AR - (X + Ah)} — Aq- Au

+ (M + AM) - {Al; — (I + AR) - Ai&})dY3 +BT (19

where BT are boundary terms, omitted for conciseness. Conse-
quently, we may write the incremental form of the contact transfor-
mation as

AW, + AW, = AT - Ah + (M" + AM) - Ak (20)

Once the variation has been taken and the kinematic equations have
been substituted, we use the inverse constitutive relationship and
the incremental contact transformation to obtain the complementary
version of the incremental variational statement in UL form. We now
introduce the unknown stress parameters Ax at the element level
and the nodal displacement and rotation vectors Agy as independent

fields. Linear trial and test functions are assumed for Agq, and for the
internal stress resultants and moments, which suffices to capture at
least the simplest (linear) variation of applied distributed load. After
some straightforward algebra, we obtain the discretized incremental
variational statement A F5 as

8(A)T {—B-Ax+A-Agq+fi)
+8(Aqy)T - (C-Ax+D-Aq+f} =0 21

After condensation, we may eliminate the stress parameter incre-
ments at the element level and obtain the stress increments as
Ax = B~'(4 - Aq+f}) and the tangent stiffness matrix and residual
vector, referred to the current configuration, as K = C - B™'A + D
and f = C - B™'f| + f,. Here, B denotes the elastic compliance
matrix, C is the initial stress matrix, D is a geometric transforma-
tion matrix, and fi and f, are residual vectors. Note that, given the
€Y assumption for the independent fields, several of these integrals
may be easily evaluated in closed form. The remaining ones were
evaluated with a two-point Gauss quadrature. We add the external
loading terms after global assembly has been completed. However,
because we deal mainly with conservative loads (i.e., loads whose
direction is fixed in the inertial basis), they need to be transformed
with the global rotation matrix to the current frame. During the so-
lution procedure, the displacements and rotations are updated as
usual, but the stress parameters need to be updated differently. In
particular, by means of the incremental rotation tensor from the Nth
to the N + Ist stage, they have to be rotated to the current basis
before updating them and obtaining the initial stress parameters for
the next increment.

V. Numerical Results

We have selected the implicit Hilber-Hughes—Taylor (HHT)'® al-
gorithm to integrate in time the tangent equations of motion. The
HHT method allows for some tunable degree of artificial viscos-
ity, which is beneficial when kinematic constraints are present.'? In
addition, the unconditional stability characteristics of Newmark’s
integrator for linear systems are preserved. The tangent iteration
matrices are solved for the incremental variables with the Newton-—
Raphson method until a specified convergence criterion is satisfied.
The algorithm may be extended to include, for the static case, a
continuation method (arc-length method) able to trace the response
in the postbuckling regime. The structure of the system tangent it-
eration matrix is unsymmetric because the skew-symmetric tangent
gyroscopic matrix is also present.

Next we discuss some numerical results obtain using the displ-
acement-based corotational element in TL form (case a) and the
mixed element in UL form (case b). Two Gauss points were used
for the numerical integration of the integrals involving the tan-
gent inertia matrices. The beam has been discretized using only
five corotational elements in case a and with one mixed element in
case b. We compare this element discretization with similar results,
present in the literature, and which make use of 10 or more ele-
ments. The tolerance used was 107*. The comparisons for the static
problems are made with the results presented in Refs. 1, 2, 15, and
20. Figure 2 shows the static behavior of a cantilever beam, loop-
ing three times around the clamped point when an end conservative
moment is applied, and in which the element undergoes extremely
large rotations. The comparison with the exact results obtained by
Bishhop and Drucker,?! depicted in Fig. 3, is excellent. With the
tangent corotational method, the result could be obtained in one
increment of load, four iterations, and to an accuracy of less than
10~ in the residue norm. However, to show the beam curvature,
this plot was obtained with 16 Timoshenko beam elements, includ-
ing the axial force effect, and with no contribution of the second
part of the tangent stiffness matrix. Figure 4 represents the compar-
ison with the theoretical results for the same problem modeled with
two elements of the type discussed in case b. Figure 5 represents
the same problem modeled with one element of the type discussed
in case b. Although Fig. 5 shows only one increment of load, the
comparison with the exact solution (continuous line) is excellent,
also considering the magnitude of the deformation involved, sub-
stantially larger than common deformation patterns encountered in
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Fig.2 Cantilever beam with end moment looping three times; TL coro-
tational element.
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Fig.3 Cantilever beam with end moment looping three times; TL coro-
tational element. Comparisen with exact results.
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Fig. 4 Cantilever beam with end moment; two UL mixed elements.
Comparison with exact results.

Table 1 Comparison of results of 45-deg bend problem

=300 =450 f =600

Bathe 2250 59.20 3950 —— —— —— 1590 4720 5340
Simo 2233 58.84 40.08 18.62 52.32 48.39 1579 47.23 5337
Cardona 22.14 58.66 40.65 1823 51.84 4931 1526 4648 54.54
Crisfield 22.16 58.53 40.53 18.43 51.93 48.79 15.61 46.48 53.71
Present 2246 59.15 39.75 19.69 52.56 4831 15.83 47.41 5343

Fig. 5 Cantilever beam with end moment; one UL mixed element.
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Fig. 6 The 45-deg bend problem.

multiflexible body dynamics. From this result we infer the much
superior performance of the mixed method compared with the pri-
mal method with five elements per beam. However, a penalty of
using only one element for extremely large deformation problems
must be paid since this leads to a degradation of convergence prop-
erties. Figure 6 shows the behavior of a curved beam bent to form
an eighth of a circle in the plane by a force along the z direction.
The problem is also known as the 45-deg bend problem. This test
is representative of a full three-dimensional response. As shown
in Table 1, the comparison with previous results obtained for the
same problem by different authors is also excellent. We solved this
problem with 10 equal load increments and with an average of 11
iterations per step. Figure 7 depicts a diamond-shaped frame that
is also undergoing snapping through. The frame is compressed by
two equal forces acting at the two opposite corners along the y axis.
This is a postbuckling response case, and we used five elements per
side. The comparison with previous results, typically with at least
10 members per side, is also very good. Hence we conclude that
this new type of element also performs well in the case of limit
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Fig. 8 Free-flying flexible beam; two elements.

point analysis. Figure 8 shows the response of a free-flying beam
subjected to a time-dependent conservative force pulse (along the
increasing horizontal direction) and to a rectangular torque pulse of
80 Nm acting for 2.5 units of time and acting at the lower tip of the
beam. The time step was also taken to be 0.05 units of time. This
example is also analyzed in Tura and Atluri,* and our results, for mul-
tiple revolutions, and with only two elements, compare very well
with those reported there. Although large rotations are involved, the
average number of iterations per time step in the dynamics problems
was three. Convergence was also reached when the full consistent
tangent inertia contributions were used. We can then conclude that,
for large rotations of three-dimensional problems, the full tangent
inertia contributions are required in numerical simulation,

V1. Conclusions

A formulation to simulate the static and dynamic behavior of elas-
tic, geometrically nonlinear beams capable of undergoing arbitrarily
large rotations and moderate deformations has been presented. The
formulation can be incorporated in a nonlinear finite element code to
analyze the dynamic response of multiflexible body systems. To this
end, first, the use of the tangent maps of the finite rotation vector to
correctly linearize the inertia forces ensures convergence of the in-
cremental/iterative procedure. Second, we introduce the TL tangent
corotational method to compute the tangent stiffness matrix of the
space beam, obtaining numerical results that compare excellently
with theoretical predictions, even in the postbuckling regime. Third,
anew element based on the UL form of a mixed variational principle

has also been derived and its excellent performance verified for a
large deformation problem, with very promising applications in the
field of multiflexible body dynamics.
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